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SUMMARY 

A s 
appl i c a t  

imple, systemat ic,  opt imized v o r t e x - l a t t i c e  approach i s  developed f o r  
i on  t o  l i f t i n g - s u r f a c e  problems. I t  a f f o rds  a s i g n i f i c a n t  reduct ion i n  

computational costs when compared t o  cu r ren t  methods. Extens i ve numerical 
experiments have been ca , r i ed  ou t  on a wide v a r i e t y  o f  con f igu ra t ions ,  inc lud-  
ing  wings w i t h  camber and s i n g l e  o r  m u l t i p l e  f l a p s ,  as w e l l  as h i g h - l i f t  j e t -  
f l a p  systems. Rapid convergence as the 'number o f  spanwi se o r  chordwise l a t t i c e s  
are increased i s  assured, along w i t h  accurate answers. The r e s u l t s  from t h i s  
model should be useful  not  on ly  i n  p re l im ina ry  a i r c r a f t  design bu t  also,  f o r  
example, as i npu t  f o r  wake vor tex  r o l l - u p  s tud ies  and t ranson ic  flow ca lcu la-  
t ions.  

l NTRODUCT l ON 

The v o r t e x - l a t t i c e  method (VLM) f o r  the ana lys is  o f  l i f t i n g - s u r f a c e  aero- 
dynamics has become a w ide ly  used technique dur ing  the  past  decade. Although 
o r i g i n a l l y  developed by Falkner i n  1943 ( r e f .  I ) ,  i t  was no t  u n t i l  the i n t r o -  
duct ion of high-speed dig1 t a l  computers i n  the e a r l y  1960's t h a t  the method was 
reconsidered and extended, p a r t i c u l a r l y  by Rubbert ( re f .  2). Since then, many 
appl i cat ions o f  the VLM have been made t o  problems o f  aerodynamic design and 
ana lys is  w i t h  considerable success. 

The VLM represents a type o f  f i n i te -e lement  s o l u t i o n  t o  l i f t i n g - s u r f a c e  
theory problems. As opposed t o  the  a l t e r n a t e  ke rne l - func t ion  approach, i t  
I1seem(s) t o  possess none o f  the t r a d i t i o n a l  values o the r  than some approximat ion 
t o  the ca lcu lus o f  i n f i n i t e s i m a l s "  ( r e f .  3). Nevertheless, a number o f  compar- 
isons between the two methods have been favorab le  ove ra l l .  

C r i t i c i sms  o f  the VLM have cont inued though. These usua l l y  contend e i t h e r  
t h a t  the l a t t i c e s  car1 be l a i d  ou t  i n  a preconceived manner t o  g i ve  some des i red  
answer o r  t h a t  too  many l a t t i c e s  a re  requi red f o r  adequate convergence o f  the  
computed loadings. The present study was undertaken t o  der i ve  sys temati c a l l  y 
an opt imized v o r t e x - l a t t i  ce layout  which overcomes these ob jec t ions  and can be 
adapted t o  a wide v a r i e t y  o f  con f igu ra t ions .  

I 
The phi losophy o f  the approach i s  o u t l i n e d  b r i e F l y  and then the numerical 

r e s u l t s  a re  presented. 



SYMBOLS 

A! l lengths  a re  d imensionless w i t h  respect  t o  the  w ing r o o t  chord. 

aspect r a t i o  

induced drag c o e f f i c i e n t  

l i f t  c o e f f i c i e n t  

j e t  momentam c o e f f i c i e n t  

l o c a l  wing chord 

t i p  l a t t i c e  i n s e t  d i s tance ,  f r a c t i o n  o f  l a t t i c e  span 

f 1 ap chord/w i ng chord 

v o r t e x  drag f a c t o r ,  nACD/CL 
2 

number o f  chordwi se v o r t  i ces 

number o f  spanwise v o r t i c e s  on wing semispan 

t o t a l  number o f  v o r t i c e s  

r ight-handed Car tes ian coord inates  

x -center  o f  pressure 

w ing semi span 

angle o f  a t t a c k ,  degrees 

f l a p  d e f l e c t i o n  angle, degrees 

spanwise v a r i a b l e ,  y / y t  

j e t  d e f l e c t i o n  angle, degrees 

THE VORTEX-LATTICE APPROACH 

The r e s u l t s  presented here a re  based on the commonly used l i n e a r i z e d  anal- 
y s i s  of t h i n  l i f t i n g  surfaces. The f l o w  i s  cons idered t o  be steady, i n v i s c i d ,  
and incompress ib le  (a1 though t h i s  l a t t e r  as sump ti or^ can read i  l y  be re laxed  by 
u s i n g  the  Gother t  t rans fo rma t ion ) .  Whi le t h i s  s t r i c t l y  l i m i t s  the  s tudy  t o  
a t tached f l ows  w i t h  smal l  d e f l e c t i o n s ,  the  b a s i c  model has proved i t s  use fu l -  
ness i n  many extended a p p l i c a t i o n s  because o f  i t s  s i m p l i c i t y  and the genera l  
agreement w i t h  exper imental  data. 

The t y p i c a l  mechanics o f  t he  l a t t i c e  l ayou t ,  the  mathematical d e t a i l s ,  and 
the computations o f  the  r e s u l t i n g  loads w i l l  n o t  be discussed here ,  as they a r e  
assumed fami 1 i a r  o r  can be found i n  o t h e r  r e p o r t s  (e. j . ,  r e f s .  2,4,5). Rather, 
the focus o f  the  a n a l y s i s  w i l l  be on d e r i v i n g  the  op t im ized  l a t t i c e  s t r u c t u r e  
which r e s u l t s  i n  an accurate,  c o s t - e f f i c i e n t  approach t o  performance p r e d i c t i o n  
f o r  a wide v a r i e t y  o f  c o n f i g u r a t i o n s ,  i n c l u d i n g  wings w i t h  f l a p s  and j e t - f l a p  
sys terns. 



Before proceeding w i t h  the d e t a i l s  o f  the opt imized VLM, a word about the 
" a c ~ u r a c y ~ ~  (or  lack o f  i t )  o f  these f i n i  te-element approaches i s  i n  order.  I t  
should be remembered t he t  w i t h  the assumptions employed, we a re  i n  e f f e c t  so lv-  
ing a p a r t i c u l a r  boundary-value problem, and a unique s o l u t i o n  ex i s t s .  Hence, 
a l l  p roper l y  formulated f in i te -e lement  analyses (o r  assumed load i rg - func t ion  
approaches) based on t h i s  model should g i v e  r e s u l t s  which converge t o  t h l s  solu- 
t i o n  as the number o f  unknowns i s  increased i n d e f i n i t e l y .  There a re  of course 
some d i f fe rences  i n  the ease o f  a p p l i c a t i o n  and computational e f f o r t  Invo lved 
i n  the var ious approaches, bu t  what u l t i m a t e l y  d is t ingu ishes  t h e i r  m e r i t s  i s  haw 
rap id l y  the r e s u l t s  converge t o  the co r rec t  answer. Th is  should be exp lored 
numer ica l ly  f o r  a number o f  configurations i n  order  t o  g i ve  the u l t ima te  user 
some degree o f  confidence i n  the p a r t i c u l a r  p r e d i c t i o n  technique. 

Since no exact so l u t i ons  e x i s t  (except f o r  the c i r c u l a r  wing),  determina- 
t i o n  o f  jl8?t what i s  the "cor rect "  answer r es t s  e n t i  r e l y  upon comparison between 
two o r  more d i f f e r e n t  t heo re t i ca l  approaches t o  the same problem. Thus, i n  cnis 
sense, a favorab le  comparison o f  a n a l y t i c a l  r e s u l t s  w i t h  p a r t i c u l a r  exper imental  
data does no t  guarantee t ha t  the method i s  "accurate". Rather, once some degree 
o f  accuracy i s  es tab1 i shed through numerl ca l  experimentat i on  and agreement wi t h  
o ther  analyses, comparison w i t h  experiment should be used t o  v e r i f y  the range of 
v a l i d i t y  o f  the l i n e a r i z e d  thin-wing theory model. I n  cases where agreement I s  
not  good, i t  ind ica tes  t ha t  a b e t t e r  bas ic  model i s  requi  red. 

NUMER I CAL RESULTS 

Rectangular Planforms 

We f i r s t  consider the case o t  an uncambered rectangular  wing a t  angle o f  
a t tack  a, which w i l l  serve t o  i l l u s t r a t e  some o f  the opt imized l a t t i c e  features. 
A r ight-handed xyz-coordinate system i s  chosen such t h a t  x i s  posi  t i v e  i n  the 
f reestream d i r e c t i o n  and the o r i g i n  i s  located a t  the wing roo t  leading edge. 
For convenience, the wing roo t  chord i s  normalized t o  u n i t y ,  t h a t  i s ,  a l  i 
lengths a re  dimensionless w i t h  respect t o  the roo t  chord. Then t h i s  wing geom 
e t r y  i s  completely descr ibed by y the y-coordinate o f  t h e w i n g  t i p  (o r  
equ iva len t l y  by the aspect r a t i o  A;. 

The cor,ventional l a t t i c e  layout  f o r  t h i s  case ( r e f .  5) i s  t o  use un i formly  
spaced chordwise and spanwise panels which cover the whole wing. While the 
computed loads converge, they do so somewhat s low ly  w i t h  respect t o  the number 
o f  spanwise vor t i ces .  However, t h i s  can be acce lerated by e m ~ l o y l n g  equa l l y  
spaced l a t t i c e s  which a re  i nse t  from the t i p  by a f r a c t i o n  d o f  the l a t t i c e  
span (0gd<l). (See f i g .  1 .) Such an idea was f i  r s t  sugges(iad i n  reference 7 
and was subsequently shown ( re f .  6) t o  a f f o r d  a marked improvement i n  spanwise 
convergence. 

Th is  i s  demonstrated i n  f i g u r e  2 where the perceqt e r r o r  i n  the l i f t - c u r v e  
slope per rad ian CLQ i s  p l o t t e d  as a f unc t i on  o f  the number o f  v o r t i c e s  on the 
semispan N f o r  A = 2 and A = 7 .  The basel ine data which a re  ccns id r red  t a  be 
"exact" f o r  these cases were taken from references 7 and 8, where ca re fu l  calcu- 
l a t i o n s  were c a r r i e d  out  based on the ke rne l - f unc t i on  approach. I t  i s  seen thar  
the use of  d = 1 /4  d ramat i ca l l y  improves the convergence. I n  f ac t ,  f o r  one 



percent accuracy i n  C b ,  on ly  5 spanwise vo r t i ces  need t o  be used when d = 1/4 3 

as opposed t o  about 35 when d = 0. Since the computational e f f o r t  increases as 
betwecn the square and cube o f  the number o f  unknowns, t h i s  represents poss ib ly  

t 
a two order o f  magnitude cost savings. 

A key c a l c u l a t i o n  which f u r t h e r  reveals the advantages o f  spanwise l a t t i c e  
i n s e t t i n g  i s  t ha t  o f  the l i f t - i n d u c e d  drag. This quan t i t y  may be computed by - .  
e i t h e r  a near o r  a f a r  f i e l d  approach. The l a t t e r  i s  based on the work o f  Munk, I - 
i n  which a T re f f t z -p lane  ana lys is  i s  used t o  express the induced-drag c o e f f i c i e n t  
C D  i n  terms o f  the Four ie r  c o e f f i c i e n t s  o f  the spanwise l i f t  d i s t r i b u t i o n .  This 
has the advantage o f  r e l a t i v e  s i m p l i c i t y  (assuming the l i f t  d i s t r i b u t i o n  i s  
accurate) but  cannot be used t o  f i n d  the spanwise v a r i a t i o n  o f  CD. On the o ther  
hand, the near f i e l d  approach i s  more demanding o f  computer time, bu t  does y i e l d  
t h i s  spanwise va r i a t i on .  For the near f i e l d  computation, xe have found i t  best  
t o  use the d i r e c t  me;k.~d o f  summing the forces i n  the f reestream d i r e c t i o n  on 
each bound vor tex  element, neg lec t ing  the in f luence  o f  a bound element on i tse l f .  
(See a lso  ref. 9.) 

I n  f i g u r e  3, the vor tex drag f a c t o r  K = ~ A C ~ / C ~ ~  by both the near and f a r  
f i e l d  methods i s  shown f o r  the A = 2 wing as a f unc t i on  o f  N w i t h  d = 0 and 
d = 1/4. The convergence as N i s  increased i s  d isp layed more c l e a r l y  by p l o t t i n g  
K against  1/N. Again, the g rea t  improve3ent i n  us ing d = 1/4 i s  ev ident ,  along 
w i t h  the remarkable accuracy o f  the near f i e l d  ca lcu la t ion .  Fur ther ,  f o r  no 
i n s e t t i n g  (d = 0) , we see t ha t  t o  requi r e  very c lose agreement i n  the near and 
f a r  f i t l d  drag5 i s  doomed t o  f a i  l u r e  unless an abnormally la rge  number o f  span- 
wise vo r t i ces  are used. The tendency o f  the VLM t o  "pred ic t "  low values o f  K 
(see re f .  9)  i s  thus shown t o  be a consequence o f  no t  using the optimum l a t t i c e  
inse t  arrangement. 

To i l l u s t r a t e  the e f f e c t  o f  va ry ing  the number o f  chordwise v o r t i c e s  M, the 
corresponding v a r i a t i o n  o f  K and the x-center o f  pressure xc a re  p l o t t e d  i n  
f i g u r e  4. Note t ha t  K i s  independent o f  M f o r  M>2 (whether gr no t  i n s e t t i n g  i s  
used), wh i l e  xcp i s  near l y  l i n e a r  i n  l / ~ 2  and t i p  i n s e t t i n g  does no t  improve i t s  
convergence rate.  For t h i s  A = 2 wing, the est imated converged values are 
C L ~  = 2.474, xcp = 0.2594, and K = 1.001, which are i n  excel  l e n t  agreement w i t h  
those obtained using the kerne l - func t ion  approach ( r e f s .  7 and 8) o f  C L ~  = 2.4744 
and xCp = 0.20939. 

These ca lcu la t ions  have been made f o r  an inse t  d is tance o f  one-quarter o f  
a l a t t i c e  span. A number o f  tes ts  were made f o r  o ther  values o f  d, and i t  i s  
found t ha t  d = 1/4  represents approximately the optimum value. As i s  usual i n  
the VLM, the bound vo r t i ces  are located a t  the l oca l  l a t t i c e  quar te r  chord, and 
the tangent ia l  f l ow boundary cor d i t i o n  s a t i s f i e d  a t  the l oca l  three-quar ter  
chord midway between the t r a i  1 i ng v o r t  i ces . These pos i t ions were sugges t ~ d  by 
two-dimensional r esu l t s  and have been used by Falkner and a l l  who fol lowed. I t  
can be shown tha t  they are mandatory f o r  the three-dimensional case as we1 1 
( ref .  6 ) .  

Several o ther  comnents can be made regarding the o v e r a l l  l a t t i c e  arrange- 
ment. F i r s t ,  the use o f  nonuniform chordwise spacings which bunch the l a t t i c e s  
near the leading and/or t r a i  1 ;ng edges where the v a r i a t i o n  i n  v o r t i c i  t y  i s  l a r -  
gest has been invest igated. I t  i s  found f o r  these uncambered wings t h a t  the 



u n i f o r m  chordwise spacing i s  j u s t  as good. Next, va r ious  types o f  nonuni form 
spanwise spacings ( w i t h  and w i t h o u t  i n s e t t i n g )  were a l s o  t r i e d ,  and aga in  the  
equal span l a t t i c e  arrangement w i t h  d = 1/4 i s  always super io r .  F i n a l l y ,  i t  
has been suggested t h a t  t he  r e s u l t s  from t h e  VLM w i l l  be u n r e l i a b l e  when i n d i -  
v i d u a l  l a t t i c e  aspect r a t i o s  drop below a c e r t a i n  value,  u s u a l l y  u n i t y .  However 
the c a l c u l a t i o n s  here  have been c a r r i e d  o u t  us ing  l a t t i c e  aspect  r a t i o s  as low 
as 0.08 w i t h  no degredat ion  i n  accuracy, thus d e s t r o y i n g  t h i s  myth. 

Not o n l y  t h e  o v e r a l l  loads, b u t  a l s o  the  spanwise a i s t r i b u t i o n s  o f  l i f t ,  
cen te r  o f  pressure,  and induced drag a r e  i n  e x c e l l e n t  agreement w ich  k e r n e l -  
f unc t i on  r e s u l t s  when the  op t im ized  l a y o u t  i s  used. Regarding computat ional  
e f f o r t ,  we f i n d  t h a t  the  execu t ion  t ime r i s e s  n e a r l y  as the square o f  t he  t o t a l  
number o f  l a t t i c e s  T = MxN up t o  about T = 80, and then increases t o  become pro-  
p o r t i o n a l  t o  ~3 above about T = 123. C a l c u l a t i o n  o f  t he  near f i e l d  drag i n -  
creases the  b a s i c  computat i o n a l  t ime  by approx imate ly  40%. S t i  1 1, because o f  
the  very  smal l  number o f  l a t t i c e s  requ i  red  ( l e s s  than 30 f o r  1/2% convergence 
i n  cLU), computing cos ts  a r e  minimal .  

For r e c t a n g u l a r  p lanforms, the  o n l y  pa ramet r i c  s tudy  which can be made i s  
on the  e f f e c t  o f  t h e  aspect  r a t i o  A. T h i s  was c a r r i e d  o u t  and seve ra l  i n t e r e s t -  
i n g  fea tu res  a r e  observed. For example, t h e  induced drag has a maximum a t  
A - 3.5, and the  y -center  o f  p ressure  on t h e  h a l f  wing remains ve ry  n e a r l y  con- 
s tant .  Using a l e a s t  squares a n a l y s i s ,  an a t tempt  t o  approximate the r e l a t i o n -  
s h i p  between C L ~  and A a long the  l i n e s  o f  t he  c l a s s i c a l  h i g h  and low aspect  
r a t i o  r e s u l t s  y i e l d s  t h e  fo rmula  

Th is  i s  w i t h i n  1% o f  t h e  c o r r e c t  va lue  f o r  16bA22.5 and agrees e x a c t l y  w i t h  
equa t ion  0 - 5 2 )  o f  re ference 10 f o r  rec tangu la r  wings. A somewhat more acru,.ate 
formula v a l i d  down t o  A = 1 was a l s o  found and i s  shown i n  f i g u r e  5. 

Cambered Sect ions 

Since most w ing sec t i ons  have sone non-zero camber, i t  i s  worthwhi  l e  t o  
look  a t  t he  op t ima l  l a t t i c e  l a y o u t  f o r  t h i s  case. The s tudy was r e s t r i c t e d  t o  
rec tangu la r  wings w i t h  constant  spanwise mean l i n e s .  However, the  conc lus ions 
shou ld  be a p p l i c a b l e  t o  more compl ica ted geometries. Genera l ly ,  a i r f o i l  mean 
l i n e s  a r e  c h a r a c t e r i z e d  by l a r g e  h e g a t i v e  s lopes near the  l ead ing  edge, and we 
a n t i c i p a t e  t h a t  t he  chordwise l a t t i c e  spacing i s  c r u c i a l  here. 

0 f 
and 
we 1 

i ng 

As an example case, an A = 5 wing hav ing an NACA 230 mean l i n e  was s t u d i e d  
s i n c e  some r e s u l t s  f o r  t h i s  case have a l ready  been presented ( r e f .  11). Calcu- 
l a t i o n s  were made bo th  f o r  t he  u n i f o r m  chordwise spac ing and f o r  a cos ine- type 
spacing which concent ra tes  the  l a t t i c e s  near the  l ead ing  edge where the  change 
i n  s lope i s  g rea tes t .  The r e s u l t s  f o r  C L  a r e  shown i n  f i g u r e  6 as a f u n c t i o n  

1 / ~ 2  f o r  a = 0'. I t  i s  seen t h a t  t he  cos ine  spacing converges more r a p i d l y  
so i s  p r e f e r a b l e .  The es t ima ted  converged va lue i s  CL = 0.077 which agrees 

1 w i t h  the  T u l i n i u s  r e s u l t  repo r ted  i n  re fe rence  1 1 .  

For cambered wings then, i t  i s  suggested t h a t  a nonun i fo rm chordwise spac- 
be used f o r  b e t t e r  accuracy. I t  should be remembered though, t h a t  t h e  l i f t  



due t o  angle o f  a t t a c k  w i  1 1  general  l y  be many t imes l a r g e r  than the camber con- 
t r i b u t i o n  and hence e r r o r s  i n  computing the  camber-induced 1 i f t  w i  1 1  be somewhat 
submerged. Thus, f o r  the example case considered a t  r = 8 O ,  the l i f t  due t o  a 
i s  n e a r l y  8 t imes t h a t  due t o  camber, and the t o t a l  1 i f t  c a l c u l a t e d  us ing  the  
un i fo rm chordwise spacing f o r  M = 4 d i f f e r s  by o n l y  1.5% f rom the  cos ine  spacing 
r e s u l t .  

Swept Tapered P 1 anforms 

The op t im ized  VLM i s  r e a d i l y  extended t o  swept tapered wings by i n s u r i n g  
t h a t  the bound p o r t i o n  o f  eack horseshoe v o r t e x  i s  a l i g n e d  w i t h  the l o c a l  l a t t i c e  
q u a r t e r  chord. As the example p lanform here, we choose the  Warren-12 wing, 
which has been analyzed p r e v i o u s l y  ( r e f s .  7 and 12). I t  i s  def ined by the 
x -coord inates  o f  the t i p  l ead ing  and t r a i  l i n g  edges o f  1.27614 and 1.60947, res- 
p e c t i v e l y ,  and y t  = 0.94281. T h i s  g i ves  a  tape r  r a t i o  o f  1/3 and an aspect  r a t i o  
o f  2.8284. I n  f i g u r e  7 we show the convergence o f  t he  l i f t - c u r v e  s lope  CL, as a  
f u n c t i o n  o f  1/N f o r  seve ra l  values o f  d. As before ,  i t  i s  seen t h a t  d  = 1 / 4  p ro-  
v ides  about the  f a s t e s t  convergence ra te .  From t h i s  and o t h e r  p lan fo rm r e s u l t s ,  
i t  tu rns  o u t  t h a t  the optimum va lue  o f  d  v a r i e s  s l i g h t l y  w i t h  the  aspect  r a t i o  
and sweep angle,  b u t  t h a t  choosing d  = 1/4  i s  the b e s t  compromise f o r  a1 1 cases. 

The v a r i a t i o n  o f  xc w i t h  M and N  f o r  t h i s  wing i s  s imi  l a r  t o  t h a t  f o r  rec-  
t angu la r  p lanforms, so tRat  convergence i s  somewhat s lower  w i  i h  respect  t o  M. 
For the  induced drag, bo th  the near and f a r  f i e l d  c a l c u l a t i o i s  were made as 
before. Th is  t ime, however, we f i n d  t h a t  the computed near f i e l d  drag v a r i e s  w i t h  
bo th  M and M, more espec ia l  l y  w i t h  the  former and t h a t  K i s  always l e s s  than 
u n i t y .  Th i s  poorer  drag convergence f o r  swept wings has been noted many t imes i n  
the  past ,  and a r i s e s  f rom the d i s c o n t i n u i t y  i n  the  bound v o r t e x  s lopes a t  the wing 
roo t .  Tu l  i n i u s  ( r e f .  13) s t u d i e d  t h i s  problem and concluded t h a t  v o r t e x - l a t t i c e  
approaches which use swept v o r t i c e s  always p r e d i c t  the  downwash i n c o r r e c t  1 y  i n  
such regions ( o r  near wing crank l o c a t i o n s ) ,  b u t  t h a t  t he  e r r o r  i s  con f ined  t o  
the  immediate neighborhood o f  t he  d i s c o n t i n u i t y .  He a l s o  showed t h a t  the  near 
and f a r  f i e l d  drag c a l c u l a t i o n s  shou ld  g i v e  i d e n t i c a l  answers when the bound 
v o r t e x  elements a re  a l l  para1 l e l .  

There i s  a  s imple  way t o  improve the  near f i e l d  convergence and accuracy. 
Suppose we have so lved f o r  the  l o c a l  bound v o r t e x  s t r e n g t h s  u s i n g  the  approp r i -  
a t e  swept horseshoe v o r t e x  elements. Then, tc, compute the drag, we must f i n d  
the sum o f  the  products o f  the  l o c a l  v o r t e x  s t reng ths  and the induced downwash 
a t  the bound v o r t e x  midpo in ts .  Now, though, assume t h a t  the  downwash i s  com- 
puted u s i n g  rec tangu la r  horseshoe v o r t i c e s  whose s t r e n g t h s  a re  the  same as the  
swept elements which they replace.  The r e s u l t s  o f  such a  c a l c u l a t i o n  a r e  shown 
i n  f i g u r e  8 where K i s  p l o t t e d  a g a i n s t  1 / M  and compared w i t h  the  r e s u l t  us ing  
f u l l y  swept v o r t i c e s  and a l s o  t h e  f a r  f i e l d  c a l c u l a t i o n .  I t  i s  e v i d e n t  t h a t  
us ing  rec tangu la r  elements f o r  t he  drag c a l c u l a t i o n  o n l y  i s  t he  answer t o  the  
problem. Not o n l y  i s  t h e  dependence on M e l i m i n a t e d ,  b u t  as i t  turns  o u t ,  a l s o  
the dependence on N. Fu r the r ,  t h e  f a r  f i e l d  c a l c u l a t i o n s  f o r  i n c r e a s i n g  N  
converge t o  t h i s  near f i e l d  value. 

Whi le t h i s  approach hzs g i ven  a  s t a b l e  answer f o r  the  t o t a l  induced drag, 
there  i s  s t i  1 1  some room f o r  improvement i n  the  convergence o f  the  spa rd i se  
drag d i s t r i b u t i o n ,  cCd/ZCD (where Cd  i s  the l o c a l  drag c o e f f i c i e n t  and i s  t h e  



average chord). As shown i n  f i g u r e  9, the regions near the r oo t  and t i p  converge 
more s lowly ,  and f u r t h e r  study o f  t h i s  problem i s  needed. I t  i s  i n t e r e s t i n g  t o  
note t h a t  there i s  very l i t t l e  d i f f e rence  i n  the spanwise drag d i s t r i b u t i o n  curves I 
f o r  computations made w i t h  the rectangular  o r  the swept vo r tex  elements. 

The kerne l - func t ion  approaches a l so  encounter s i r i  l a r  d i f f i c u l t i e s  f o r  swept - wings. I n  those analyses, the concept o f  a r t i f i c i a l  rounding a t  the r oo t  i s  
o f t e n  introduced, bu t  on ly  p a r t i a l l y  a l l e v i a t e s  the problems ( r e f s .  7 and 12). 

The est imated converged values f o r  t h i s  Warren-12 wing are CL, = 2.74, 
xcp = 0.751, and K = 1.008. The corresponding r e s u l t s  from reference 7 are 

CLcc = 2.75 and xcp = 0.753, w h i l e  from reference 12, CL, = 2.74 and K = 1.010. 
Again, the agreement i s  exce l len t .  Here too, on ly  a few l a t t i c e s  are requi red 
f o r  accurate answers, e.g., a t o t a l  o f  30 l a t t i c e s  gives b e t t e r  than 1/2% agree- 
ment w i t h  the converged resu l t .  

Th is  opt imized layout  has been used t o  study the p roper t ies  o f  a number o f  
d i f f e r e n t  combinations o f  sweep and taper, i n c l ud ing  d e l t a  planforms. I n  a1 1 
cases, r ap id  convergence and accurate resu l  t s  were obtained. 

Other Planforms 

A number of o ther  wing planform arrangements have been s tud ied  t o  g i ve  f u r -  
the r  gu ide l ines  f o r  the opt imized l a t t i c e  s t r uc tu re .  Consider f o r  example a 
cranked wing which has one o r  more d i s c o n t i n u i t i e s  i n  the lead ing o r  t r a i l i n g  
edge sweep angles. Here i t  i s  o f  i n t e r e s t  t o  examine h w  the spanwise l a t t i c e s  
should be l a i d  ou t  s ince i n  on ly  a few very spec ia l  cases w i l l  i t  be poss ib le  t o  
use equal l y  spaced l a t t i c e s  across the whole wing and keep d = 1/4. As a t e s t  
case, a planform having both lead ing and t r a i l i n g  edge cranks located a t  the 
midspan (0.5 y t )  w i t h  A = 3.478 was chosen. Then N 1  vo r t i ces  were used inboard 
o f  the crank and N2 outboard. The t i p  , i n se t  was se t  a t  1 /4  o f  the outboard l a t -  
t i c e  span. F igure  10 shows the convergence o f  CLo, w i t h  1/N,  (N = N 1  + N2), f o r  
N1 = 0.5N2, N, = N2, and N 1  = 2N2. Although a l l  three arrangerrents appear t o  be 
converging t o  the same value, the f a s t e s t  r a t e  i s  r ea l i zed  w i t h  N 1  = N2  o r  
approximately equal inboard and outboard l a t t i c e  spans. c 

' \  

Computations w i t h  o the r  cranked wings have confirmed t h i s  f i n d i n g ;  hence, 
N 1  and N2 should be chosen t o  g i v e  as near l y  equal l a t t i c e  spans across the wing 
as poss ib le .  This r u l e  i s  readi  l y  extended t o  wings w i t h  more then one span- 
wise crank loca t ion .  Also, the induced drag should be ca l cu l a ted  us ing the re- 
placement rectangular  vo r t i ces .  

Other con f igu ra t i cns  which have been t rea ted  inc lude skewed wings and p lanar  
i n t e r f e r i n g  surfaces. I n  the former case, the symmetry w i t h  respect t o  y i s  

1 
1 

destroyed and so the e n t i r e  wing must be considered ra the r  than j u s t  the semi- I 
span. While more vo r t i ces  are requi red f o r  a g iven accuracy, the concept of t i p  ; 

i n s e t t i n g  w i t h  d = 1/4 s t i l l  i s  needed f o r  r a p i d  convergence. Regarding the 
p lanar  i n t e r f e r i n g  surfaces, t i p  i n s e t t i n g  i s  b e n e f i c i a l  here a l so  (on both of 
the wings), bu t  an add i t i ona l  source o f  t r oub le  i s  now present. Th is  occurs i f  
one o r  more t r a i l i n g  vo r tex  l i n e s  from the forward sur face pass s u f f i c i e n t l y  
c lose  t o  a con t ro l  p o i n t  on the a f t  sur face where the l oca l  boundary cond i t i on  
i s  s a t i s f i e d .  Then, t h e i r  i n f luence  becomes unduly magnif ied,  w i t h  i r r a t i o n a '  



resu l t s .  To overcome t h i s  i n s t a b i l i t y ,  i t  i s  imperat ive t o  se l ec t  the number o f  
spanwlse vo r t i ces  on each wing c a r e f u l l y  so t h a t  a l l  the t r a i l i n g  v o r t i c e s  from 
the forward surface 1 i e  approximately on top o f  the t r a i  1 i ng  v o r t i c e s  from the 
a f t  surface. It i s  recommended t h a t  ca l cu l a t i ons  f o r  severa l  combinations o f  
spanwise vo r t i ces  be ca r r i ed  ou t  f o r  each case t o  insure cons is ten t  answers. 

Wings With Flaps 

A1 though performance p red i c t i ons  f o r  f lapped wings us ing the VLM have re- 
ceived some a t t en t i on ,  no d e t a i l e d  convergence s tud ies  a re  ava i lab le .  Indeed, 
from the resu l t s  reported t o  date, i t  appears as i f  several  hundred l a t t i c e s  are 
necessary t o  insure reasonable accuracy. The bas ic  d i f f i c u l t y  w i t h  f lapped 
wings i s  t ha t  the loading i s  s i ngu la r  a t  the f l a p  h inge l ine ,  and so a la rge  num 
ber o f  chordwise vor t i ces  must be used t o  de f ine  the load ing adequately i n  t h a t  
region. Even the use o f  nonuniform cosine spacing about the h i n g e l i n e  does no t  
improve the slow convergence w i t h  respect t o  M. 

An opt imized l a t t i c e  arrangement has been developed which considerably re- 
duces the number o f  unknowns requi  red. For convenience i n  demonstrating the 
l a t t i c e  layout,  consider the s imple case o f  a rectangular  wing w i t h  a f u l l - span  
t r a i l i n g  edge f lap.  The f l a p  chord i s  taken as constant and equal t o  E, and 
the f l a p  has a d e f l e c t i o n  angle B. As usual, the convergence w i t h  respect t o  N 
i s  accelerated by t i p  l a t t i c e  i n s e t t i n g  w i t h  d = 1/4. For the chordwise arrange- 
ment, we place bound vor tex  elements d i r e c t l y  on the h i nge l i ne  i t s e l f .  Th is  was 
apparent ly f i r s t  proposed by Rubbert ( r e f .  2)  but  has no t  been w ide ly  used, 
poss ib ly  because few d e t a i l s  o r  numerical r e s u l t s  showing i t s  b e n e f i t s  were 
given. As a r e s u l t  o f  p l ac i ng  bound v o r t i c i t y  on the h inge l ine ,  a f i n i t e  load- 
ing  i s  c a r r i e d  there, as opposed t o  the t h e o r e t i c a l l y  i n f i n i t e  value. However, 
the in tegra ted  loading on a non-zero chordwise element about the h i n g e l i n e  i s  
f i n i t e  i n  both cases. 

The power o f  t h i s  h inge l ine -vor tex  approach was demonstrated i n i t i a l l y  i n  
the two-dimens i ona 1 case. The re, convergence was g r e a t l y  i mproved over the con- 
vent iona l  approach, and the resu l  t s  are as good as those obtained us ing  the 
quasi-continuous 1 i f t  ing-surface analys is  o f  Lan (ref. 14). Ca lcu la t ions  f o r  I 

the three-dimensional case are shown i n  f i g u r e  1 1 ,  f o r  a wing w i t h  A = 4 and 
E = 0.4. I t  i s  seen t h a t  the convergence o f  the 1 i f t - c u r v e  s lope C L g  i s  ex- 
tremely good when v o r t i c i  t y  i s  placed on the h inge l  ine. From these and o t h e r  
computations, we conclude t ha t  less than 100 l a t t i c e s  are s u f f i c i e n t  t o  achieve 
h i gh l y  accurate resu l t s .  Th is  represents a subs tan t i a l  savings I n  computational 
e f f o r t .  

Part-span f l aps  can be analyzed i n  a s i m i l a r  manner. That i s ,  bound vor- 
t i c i  t y  i s  placed along the f l a p  h inge l  ine and extended as necessary t o  the r oo t  
and/or t i p .  The p r a c t i c e  o f  i n s e t t i n g  the vo r t i ces  a t  the f l a p  s i d e  edges was 
a l so  recommended i n  reference 2, but  numerical ca l cu l a t i ons  here have shown t h a t  
n9t  on ly  the loca l ,  but  a l so  the o v e r a l l ,  loadings a re  h i g h l y  s e n s i t i v e  t o  such 
an arrangement. Poss ib ly  the concept may be worthwhi l e  i n  t ha t  non l inear  t r e a t -  
ment, bu t  i t  should be avoided when us ing the l i n e a r i z e d  approach. 

This opt imized VLM can be extended t o  t r e a t  wings w i t h  m u l t i p l e  f l aps .  
These can be arranged i n  e i t h e r  chordwise o r  spanwise d i r ec t i ons .  For the 



m u l t i p l e  chordwise f l a p  case, i t  i s  necessary t o  p lace bound vo r t ex  segments on 
each o f  the f l a p  h inge l ines  t o  insure r ap id  convergence. The performance o f  

I 
i i  

leading edge h i g h - l i f t  devices can a l so  be inves t iga ted  us ing these layouts.  I 
! 
! While the re  i s  a s c a r c i t y  o f  good numerical r e s u l t s  f o r  comparison purposes, 

one kerne l - func t ion  c a l c u l a t i o n  should be mentioned. I n  reference 15, Garner ! .  .. 
analyzed a swept untapered wing o f  aspect r a t i o  4 wi t h  a 25% chord f l a p  extend- 

I 
ing from the 45% spanwise s t a t i o n  ou t  t o  the t i p .  Using the ke rne l - f unc t i on  
method, he p red ic ted  a value o f  C L ~  = 0.758 and CD = 0.179. With the opt imized 
VLM and 91 unknowns, C k B  = 0.757 and C = 0.180. Here, 7 chordwise vo r t i ces  
(5 ahead o f  the hinge1 I ne and 1 behind! and 13 spanwise v o r t i c e s  (6 inboard and 
7 on the f l a p )  were employed. Also, the spanwise 1 i f t  d i s t r i b u t i o n  compared ! 
very w e l l  f o r  t h i s  case. 

F ina l  l y ,  t o  show the v e r s a t i  1 i t y  o f  t h i s  approach, the p red ic ted  spanwise 
l i f t  d i s t r i b u t i o n  on a cranked tapered wins (approximating the Convair 990 plan- 
form) a t  12O angle o f  a t t ack  w i t h  m u l t i p l e  spanwise f l a p s  i s  p l o t t e d  i n  f i gu re  I 

12. Here the seven f l aps  were de f lec ted  through var ious angles as shown i n  an 
attempt t o  produce a near l y  l i n e a r  d ropo f f  i n  the load ing over the ou te r  h a l f  

I 

o f  the wing. Such loadings are o f  i n t e r e s t  i n  wake vo r t ex  r o l l - u p  ca lcu la t ions .  
I 

Je t -F lap Wings 
i 

The opt imized VLM has a l so  been app l ied  t o  p r e d i c t  j e t - f l a p  wing pe r f o r -  ! 

mance. The j e t  f l a p  i s  bas ica l  l y  an arrangement f o r  i n t e g r a t i n g  the  p ropu ls ion  
system o f  an a i r c r a f t  w i t h  i t s  l i f t  product ion by b lcwing a narrow j e t  o f  h igh-  
v e l o c i t y  a i r  from a s l o t  a t  the wing t r a i l i n g  edge. Th is  de f l ec ted  j e t ,  besides i 
supply ing t h rus t ,  a l s o  increases the 1 i f  t through an addi t i o n a l  induced c i  rcu- t 

l a t i o n  as w e l l  as by a reac t ion  t o  i t s  v e r t i c a l  momentum. The a d d i t i o n a l  c i r cu -  
l a t i o n ,  o r  supe rc i r cu l a t i on  as i t  i s  sometimes ca l l ed ,  a r i ses  from the asymmetry i 
induced i n  the main stream by the presence o f  the j e t  and can amount t o  a l a rge  
f r a c t i o n  of the t o t a l  l i f t  on the wing under c e r t a i n  condi t ions.  I 

W i th in  the l i nea r i zed  theory framework, the t r a i l i n g  j e t  sheet can be 1 

represented by vor tex 1 a t t  ices and the appropr ia te  dynamic boundary condi t i o n  , i 

s a t i s f i e d  a t  corresponding con t ro l  po in ts .  We wi 11 consider on ly  the so -ca l led  I 

"s ingu lar  blowing" con f i gu ra t i on  i n  which the j e t  leaves a t  an angle -r w i t h  
respect t o  the s lope o f  the camberl ine a t  the t r a i l i n g  edge. The j e t  s t ~ r l g t h  
i s  described by the parameter C,,'(y), the  j e t  momentum c o e f f i c i e n t .  The fc , low-  
ing  r esu l t s  are taken from reference 16 wherein a complete performance ana iys is  
was ca r r i ed  out. Th is  work was sponsored by NASA ARC under Contract  NAS2-8115. 

As i n  the pure f lapped wing, the j e t - f l a p  load ing e x h i b i t s  a s i n g u l a r  be- 
havior.  Here, i t  i s  a t  the  t r a i l i n g  edge where the s t reaml ine  d e f l e c t i o n  
changes abrupt ly .  Thus, i n  analogy w i t h  the p l a i n  f l a p  case, we t r y  p l ac i ng  
bound v o r t i c i t y  along the wing t r a i l i n g  edge. Th is  was again v e r i f i e d  t o  g i v e  
good convergence cha rac te r i s t i c s  i n the 1 i m i  t i  ng two-dl mens i ona l  problem. I n 
add i t ion ,  i t  turns ou t  t o  be necessary t o  use a nonuniform chordwise spacing 
which concentrates the l a t t i c e s  near the  t r a i l i n g  edge. Th is  does have the 
advantage t h a t  the i n f i n i t e  downstream ex ten t  o f  the j e t  sheet can be mapped 
i n t o  a f i n i t e  region. 



I n  f i g u r e  13, the convergence behavior o f  the l i f t - c u r v e  slope C L ~  i s  p l o t -  

ted f o r  f u l l - span  blowing from a rectangular  wing w i t h  A = 2 and C,, = 1. The 
s u p e r i o r i t y  o f  p l ac i ng  bound v o r t i c i t y  a t  the t r a i  l i n g  edge i s  c lea r .  Note t h a t  
the 1 i f t  on the wing i s  computed by adding the j e t  r eac t i on  component t o  the 
wing bound vor tex,  o r  c i r c u l a t i o n ,  l i f t .  The numerical experiments i n d i c a t e  i t  
i s  best t o  consider a l l  o f  the t r a i l i n g  edge vo r t ex  l i f t  app l ied  t o  the wing, as 
shown i n  the f igu re .  Overa l l ,  we must use a somewhat l a r g e r  number o f  chordwise 
vo r t i ces  f o r  the j e t  f l ap ,  but  again the t o t a l  number requi red i s  considerably 
smal ler  than used i n  previous studies.  

For the above wing, the est imated converged values are C L T  = 2.00 and 
xCp = 0.816. These can be compared w i t h  the r e s u l t s  obtained I n  re ference 17 
by using an adaptat ion o f  Lawrence's improved low aspect r a t i o  approximation, 
where i t  was ca lcu la ted  t ha t  CL, = 2.01 and xcp = 0.810. Comparable agreement 
was found a t  o t he r  values o f  A and C,, f o r  these rectangular  planforms. 

Other planforms and blowing arrangements have a l s o  been t reated.  Thus, 
part-span b lowing was analyzed and y - va r i a t i ons  i n  C,, (nonuniform blowing) were 
taken i n t o  account. An example c a l c u l 3 t i o n  f o r  nonuniform b lowing over  p a r t  of 
the wing span i s  i 1 l u s t r a t e d  i n  f i g u r e  14. I n  t h i s  case, the j e t  extended from 
the 25% t o  the 75% spanwise s ta t i on ,  and C,, v a r i ed  q u a d r a t i c a l l y  i n  t h i s  region. 

An i n t e r e s t i n g  r esu l t  o f  the nocuniform blowing ca l cu l a t i ons  i s  t h a t  the 
wing c i r c u l a t i o n  l i f t  as w e l l  as i t s  spanwise d i s t r i b u t i o n  i s  r e l a t i v e l y  unaf- 
fec ted  by va ry ing  C,, provided t h a t  the t o t a l ,  o r  in tegrated,  j e t  momentum coeff i- 
c i e n t  i s  the same f o r  both cases. Thus, we can conclude t h a t  f o r  most p r a c t i c a l  
purposes, i t  w i l l  be s u f f i c i e n t  t o  ca r r y  ou t  nonuniform blowing ca l cu l a t i ons  
f o r  the corresponding un i form blowing case w i t h  the same t o t a l  j e t  c o e f f i c i e n t ,  
and then add i n  the t r u e  nonuniform j e t  reac t ion  components t o  f i n d  the t o t a l  
1 i f t ,  center o f  pressure, etc., a t  each s ~ a n w i s e  locat ion.  

CONCLUS l ONS 

I n  conclusion, a simple, systemat ic  opt imized v o r t e x - l a t t i c e  layout  has 
been developed f o r  a p p l i c a t i o n  t o  a wide v a r i e t y  o f  con f igu ra t ions .  I t  r e s u l t s  
i n  a s i g n i f i c a n t  reduct ion i n  computational costs when compared t o  cu r ren t  meth- 
ods. The key elements are: 

(a) Use of  t i p  l a t t i c e  i n s e t t i n g  t o  acce lerate  convergence as the number o f  
spanwise l a t t i c e s  i s  increased. 

(b) Placement o f  bound vo r t i ces  a t  l oca t ions  where d 
s t reaml ine slope occur ( f l a p  h inge l ine ,  j e t - f l a p  
e ra te  convergence as the number o f  chordwise vor  

(c)  Use of nonuniform chordwise spacing f o r  -ambered 
wings t o  acce lerate  convergence f o r  these cases. 

(d) Use o f  rec tangular  horseshoe v o r t  i ces t o  compute 

i s con t i nu i  t i e s  i n  
t r a i  1 i ng  edge) t o  accel-  

t i c e s  i s  increased. 
sect  ions and j e t - f  l ap  

the near f i e l d  drag. 

Rapid converqence as the number o f  spanwise o r  chordwise l a t t i c e s  are i n -  
creased i s  assured, along w i t h  accurate answers. The r e s u l t s  from t h i s  model 
should be use fu l  nDt on ly  i n  p re l im ina ry  a i r c r a f t  design bu t  also,  f o r  example, 
as input  f o r  wake vor tex  r o l l - u p  s tud ies and transorric f l ow ca lcu la t ions .  
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Figure 1.- Vortex-lattice layout. 
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Figure 2.- Lift-curve slope convergence for rectangular wing. 
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Figure  3 . -  Comparison of nea r  and f a r  f i e l d  induced drag.  
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Figure  4.- Convergence behavior f o r  r e c t a n g u l a r  wing. 
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Figure 5.- Lift-curve slope formulas. 
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Figure 6.- Convergence for cambered wing. 
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Figure 7 . -  Lift-cr~rve slope convergence for tapered wing. 
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Figure 8 . -  Induced drag for tapered wing. 
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Figure 9.- Spanwise drad distribution for tapered win,. 
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Figure 10.- Lift-curve slope convergence for  cranked wing. 
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Figure 11.- Lift-curve slope convergence for flapped wing. 

7 CHORDWISE VORTICES 
20 SPANWISE ieORTICES \ 

I \ 120 ANGLE OF ATTACK 

SPANWISE LIFT 
DISTRIBUTION 

Figure 12.- Spanwise lift distribution for multiple flap configuration. 
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Figure 13.- Lift-curve slope convergence for jet-flap wing. 
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Figure 14.- Spanwise lift distribution for nofiuniform blown, 
part-span jet flap. 




